We write an action, in four dimensional N = 1 curved superspace, which contains a pure R 4 term with a coupling constant. Starting from the offshell solution of the Bianchi identities, we compute the on-shell torsions and curvatures with this term. We show that their complete solution includes, for some of them, an infinite series in the R 4 coupling constant, which can only be computed iteratively. We explicitly compute the superspace torsions and curvatures up to second order in this coupling constant. Finally, we comment on the lifting of this result to higher dimensions.
Introduction
The supersymmetrization of higher-derivative terms has been object of research for a long time. Green and Schwarz proved that, in order to eliminate anomalies from type I supergravity coupled to super Yang-Mills theories, one needs the Green-Schwarz mechanism [1, 2] , by which the supergravity two-form field strength is modified with the subtraction of the Lorentz Chern-Simons term. This mechanism violates local supersymmetry and originates an action with a R 2 term.
In order to cancel the anomalies, it is also necessary to introduce bosonic higherderivative counterterms (which include, for instance, R 4 terms to cancel gravitational anomalies). These counterterms have been shown to originate naturally in string theory [2] . They should then be part of the string theory low energy effective action, but they have to be introduced by hand on the supergravity action. Obviously they also break supersymmetry.
Purely "stringy" R 4 terms also show up in the low energy field theory effective action of both type II and heterotic string theories, as was shown in [3, 4] by computing four graviton scattering amplitudes and in [5] by calculating loop corrections to supersymmetric sigma models (the requirement that their β function vanishes determines the equations of motion of bosonic background fields, from which one determines the effective action).
The presence of those terms in M-theory has also been proven by one-and twoloop superparticle scattering calculations. The complete R 4 term arises from fourgraviton scattering in eleven-dimensional supergravity. The quantum contributions to this process were analyzed at one-loop in eleven-dimensional supergravity compactified on S 1 [6] and T 2 [6, 7] . The latest results were extended to two loops in [8] .
In the three cases we have described, we have R 2 and R 4 terms which are not supersymmetric. The requirement of having a supersymmetric anomaly-free effective action motivates the supersymmetrization of these terms.
The supersymmetrization of the Lorentz Chern-Simons terms has already been made [9, 10, 11, 12] (see also the review [13] for a more complete list of references); the corresponding result for the R 4 terms in string and M-theory effective actions is still under study, though some results exist both in ten [10, 14] and eleven dimensions [15, 16] . In reference [14] there is a systematic discussion of the different types of R 4 superinvariants one may have.
All these results and claims should also be valid in four dimensions, when one dimensionally reduces from ten or eleven. It is useful to consider the same problems in four-dimensional N = 1 supergravity. What makes these problems easier, in principle, in this last case, is the knowledge of auxiliary fields, and the existence of a completely off-shell formulation of the theory in superspace. Also, the solution of these problems provides important information and consistency tests for the higher dimensional problems.
The coupling of the Lorentz Chern-Simons term to four-dimensional N = 1 supergravity consistent with supersymmetry and dimensional reduction from string theory has already been worked out [17, 18, 19] . In these references, a linear multiplet is coupled to supergravity. The scalar belonging to that multiplet plays the role of the dilaton in the dimensionally reduced theory; the two-index gauge field in the same multiplet is also analogous to the ten-dimensional two-form whose field strength is corrected the Lorentz Chern-Simons term.
The problem of supersymmetrizing R 4 in N = 1 four-dimensional supergravity had never been worked out. From what has been said, this problem reduces then to simply writing the appropriate action in superspace and deriving the respective torsions and curvatures. That is what is done in this paper. In a future paper, we will present the complete action in x space.
In any case, already from the results of this paper we can conclude that it requires an infinite number of terms to achieve the complete supersymmetrization (after the elimination of auxiliary fields), i.e. to go "on-shell". The same is valid for writing the superspace torsions and curvatures. Those terms are part of an infinite series in the R 4 coupling constant, which cannot be written explicitly. In this paper, we compute the superspace torsions and curvatures up to second order in this coupling constant.
In section 2 we review briefly how to derive field equations in superspace for pure N = 1, d = 4 supergravity.
In section 3 we motivate and write the superspace action containing the R 4 term.
In section 4 we determine the field equations from this action. We show that we have two field equations, the solutions of which being respectively a polynomial and an infinite series.
Finally, in section 5 we compare this case with other known higher-derivative superinvariants known in the literature, and we comment on the implications of our result for the determination of effective actions for superstring/M theory.
In appendix A we present our choice of conventions.
2 A review of pure N = 1, d = 4 supergravity in superspace
In this section, we make a brief review of the superspace formulation of pure N = 1, d = 4 supergravity, with emphasis on the process of deriving the field equations. None of the results mentioned in this section is original; we just include them here for the reader to be acquainted with them (written in our conventions), and because they are essencial for the rest of the paper, which is a generalization of these results to a superspace action including the R 4 terms.
What is special about N = 1, d = 4 supergravity is the existence of a completely off-shell formalism. This means that a complete set of auxiliary fields is known (actually, there exist three known choices). In superspace this means that, after imposing constraints on the torsions, we can completely solve the Bianchi identities without using the field equations [20] . Our choice of constraints on the torsions and the solutions to the Bianchi identities are listed, in our conventions, in appendix A.2. The main result is that we can express all the unconstrained torsions and curvatures as functions of three superfields R, G AȦ and W ABC (and their complex conjugates). These superfields have some properties and satisfy some differential constraints also listed in appendix A.2.
Another special feature of pure N = 1 four-dimensional supergravity is that its action in superspace is known. It is written as the integral, over the whole superspace, of the superdeterminant of the supervielbein [21] :
The following well known result is very useful when computing field equations in superspace from a given action:
It allows us to integrate by parts and discard the terms in the action which are full divergences. This result follows uniquely from the torsion constraints and the Bianchi identities. Some of the constraints on the torsions allow us to express all spin connections in terms of supervielbeins. The other torsion constraints represent constraints on the supervielbein. One can express E Λ m in terms of E Λ A and E Λ A , which can be expressed in terms of prepotentials [22] . But these constraints do not depend on any action, and should be preserved when we vary the supervielbeins and superconnections, in order to derive the field equations for any action we take. Therefore we define [21] 
as arbitrary variations of the supervielbein and the superconnection, respectively, subject to the condition that the torsion constraints should remain satisfied
From the constrained variations (2.3), (2.4) and the definition (A.10) of torsion, we derive the constrained variation
The equations for δT R M N are invariant under the two following gauge transformations:
The main idea for deriving, from a given action, its field equations in superspace is to determine the whole set of Since these extra superfields are arbitrary, δI can only vanish if their coefficients vanish. The vanishing of these coefficients is equivalent to the superspace field equations.
We will briefly review the pure supergravity case, before going to the R 4 action. The variation of the action (2.1) is simply given by
which may be written as
In order to compute this variation, we only need to solve the equations
From δTĊ AB = 0, δT m AB = 0, and by fixing the gauge invariance (2.6), it has been shown [23] that we may write
χ k is an arbitrary, pure imaginary superfield.
In the same reference [23] , it has also been shown that we have the following parameterization 1 : 
Replacing in (2.9), and recalling (2.2),
Since U, χ AȦ are completely arbitrary, there's no other possibility than to have
These are the field equations for pure N = 1 four-dimensional supergravity.
The supersymmetric R 4 action
To the action (2.1), we are adding (supersymmetric) R 4 correction terms. Because of the field equations (2.18), (2.19) it does not make sense to add terms to (2.1) which are proportional to R or G AȦ (the field equations would only get perturbative corrections which would not affect the unperturbed solutions (2.18), (2.19) ). W ABC and WȦḂĊ are, therefore, the only candidates to the terms we are looking for. Indeed, it is well known [25] that the component expansion of W ABC includes the term 3
W ABCD is the Weyl tensor in spinor notation, a Lorentz-irreducible component of the Riemannn tensor [26, chapters 4 and 13]. One can easily (using the solutions to the Bianchi identities and (A.26), (A.27)) derive the following formula:
We see that the θ 2 component of W 2 has a W 2 term. This way, a supersymmetric action which includes R 4 (actually, W 4 ) should have (because of hermiticity) a W 2 W 2 term. The action we are then considering is written, in superspace, in the following way:
α is a coupling constant, a perturbative parameter of mass dimension -6. From now on, in each formula we write, the limit α = 0 is the limit of pure supergravity.
It is important to know the exact expansion in components of (3.3). (That means, in particular, knowing what is after the dots in (3.1), and other superfield components.) That will be the subject of another paper [27] . Anyway, it is useful to mention here some aspects. It is well known that, in the old minimal formulation of supergravity [28, 29] , there are no fermionic auxiliary fields. The auxiliary fields are then a scalar M, a pseudoscalar N and a vector A m , which are zero on-shell (in pure supergravity). The following identification is valid [30] :
It agrees with the field equations (2.18), (2.19) of pure supergravity. But if we consider our higher-derivative action (3.2), we see that the θ 2 component of W 2 has derivatives of G AȦ . If we expand then (3.3) in components, we will also get a higher-derivative action in the auxiliary field A m , which means a complicated nonalgebraic field equation for it.
It is worth mentioning that the piece of (3.3) proportional to α, i.e. the R 4 correction to pure supergravity, is also the subleading correction to the Weyl supergravity action in a recently proposed Born-Infeld-Weyl supergravity action [31] .
The superspace field equations, torsions and curvatures
Now we are ready to follow the same procedure as in sec. 2, but this time with respect to the action (3.3). We will need the whole set of components of H N M and all but one of Φ P M N . We start by this computation.
The full computation of H
From the variation of the constrained torsions, we get
From δT n Am = 0, we get
From δT p mn = 0 we get an algebraic equation for Φ p mn . This specific computation is not necessary for the variation of our action (see sec. 4.2); once we determine H p m , as we will, and knowing H p A , this computation becomes straightforward. From δTĊ AḂ = 0 we get
From δT
from which we get the equation
We can use the gauge invariance (2.7) to set a special gauge in which the solution has the following form:
Replacing (2.12) and (4.10) into (4.9), we get
Tracing the last equation for H BḂ AȦ we obtain
Combining this last equation with the previous equations (2.14) and (2.15), we can solve for
From these three expressions, (2.16) follows. Also, from (4.11), it follows that
Replacing these expressions in (4.6) -actually its complex conjugate-, we can now solve for H B AȦ :
This finishes our computation of H N M . We see that we did not need to introduce any other arbitrary superfield for this computation: the superfields introduced in section 2 are enough, as expected, because we have three independent superfields and we want to find out relations between them. These relations should be generalizations of (2.18) and (2.19) : G AȦ and R should be functions of the independent superfield W ABC , which is responsible to the correction terms in (3.3). Therefore we only have two equations and two arbitrary superfields.
The constrained variation of W ABC
In order to compute the variation of (3.3), we obviously need the variation of W ABC . From the solution of the Bianchi identities, we have
Therefore, from (2.5) and the torsions (A.12), (A.13), (A.14) and (A.15), we have for the constrained variation
This expression needs to be simplified. For that, we use again our knowledge of the torsions from the solution of the Bianchi identities and the equations for H N M we have just derived. We get for each term in (4.19)
We may then write (4.19) as
and hence
The field equations in superspace
Having (4.26), we should now integrate it in superspace (multiplied by E). In order to "factorize" iχ AȦ , U, U to get the field equations, we should integrate by parts the terms which contain derivatives of these superfields. Following this procedure, we write
The variation of our action (3.3) is given by the superspace integral of
Using the previous results (2.9), (2.16) and (4.27) , and remembering that we can use (2.2) to discard the terms which are full divergences, we finally get
The U, U field equations are immediately read:
Since W 5 = 0, we get then the following (exact) result:
The χ AȦ field equation can also be immediately read:
This equation must be rewritten in a different form. Using the supercommutation relations and the solutions for torsions and curvatures in appendix A.2, most of its terms may be rewritten in such a way that they contain a minimal number of derivatives and an explicit dependence on R, G AȦ , W ABC . The actual computations for this purpose are very heavy, and nothing special can be learnt from them. We present the intermediate results (the expansion of each term in (4.32)) in appendix B. Here we present only the final results. Replacing each expression of appendix B in (4.32), we obtain the following expanded field equation for G AȦ :
This is a complicated nonlinear differential equation for G AȦ , which cannot be solved in a closed form. The best we can do is to solve it as a power series in α. The main question is: does that expansion stop for some power of α, like in R, or is it an infinite expansion?
To answer this question, we must look at the different terms of (4.33). Expanding the overall factor α
and keeping in mind that W 5 = 0, we see that it is enough to multiply (4.34) by a term with a free W ABC factor to be sure that the expansion stops at α 2 , like R. Therefore, if each and every term of (4.33) has, after each iteration, a free W ABC factor (or something from which it can be extracted, like one derivative of W 2 ), we have a finite polynomial expansion of G AȦ . If at least one of the terms of (4.33) does not have such a factor, the iteration process will never stop and we will have an infinite expansion.
The problems with getting a free W ABC factor after iteration arise from the terms with derivatives of G AȦ , because these terms may contribute with derivatives of W ABC , which do not stop the iteration process.
Let's then start by analyzing each term of (4.33) which does not include derivatives of G AȦ . By inspection, we conclude that all of them have a W ABC factor with the exception of the three last terms which are only proportional to ∇ C W ABC or its derivatives. Therefore, using (A.27), we can write them as derivatives of G AȦ plus terms proportional to W ABC :
We have two kinds of terms to iterate in (4.33): the ones without and the ones with derivatives of G AȦ . Replacing (4.35) and (4.36) in (4.33), we conclude that the former terms all have a W ABC factor after iteration and only have a finite contribution to the α expansion of G AȦ . The terms of (4.33) with derivatives of G AȦ are linearly independent and cannot be simplified. Each time we iterate a solution for G AȦ of a certain order in α on each of these terms, we get terms with higher derivatives of W ABC and no new factors of W ABC itself. This means that, because of these terms, the actual solution for G AȦ is, as opposite to R, an infinite series in α, with derivatives of W ABC to all orders.
From what was mentioned in section 3, this result was expected. The nonalgebraic field equation for the auxiliary field A m , because of its higher-derivative terms in the component action, is actually obtained by taking the θ = 0 component of (4.33).
Computation of G AȦ to second order in α
From the results of the previous subsection, we conclude that the complete on-shell supersymmetrization of R 4 requires an infinite number of terms. In practice, what we do is to solve (4.33) for G AȦ perturbatively order by order in α, by iterating, for n-th order, the n − 1-th solution.
In this subsection, we solve (4.33) for G AȦ up to second order in α (the order at which R stops). We must then first solve for G AȦ to first order in α.
In order to do that first we take, in (4.33), only the terms which are of first order in α. We recall that, to order 0 in α (pure supergravity), both G AȦ = 0 and R = 0. The first non-trivial order is, then, α, which means that both G AȦ and R necessarily contribute with, at least, one power of α. We also recall that, due to the off-shell identity (A.27), terms like ∇ C W ABC are, at least, of order α, and therefore
We then get
which satisfies
We now do the same with (4.31):
By taking
we see that the off-shell relation (A.26) is satisfied to first order in α, as it should. We now proceed keeping, from (4.33), only the terms which are of order α 2 . These terms are:
We must now replace the solutions (4.38) and (4.40) for G AȦ and R in (4.42). For that, we need a series of intermediate expressions which we present in appendix C. The actual computations are very heavy, and nothing special can be learnt from them.
Here we present only the final results. Replacing each expression of appendix C in (4.42), we obtain the following expanded field equation for G AȦ 4 :
Substituting (4.43) and the exact expression (4.31) in the expressions of appendix A.2, we get the solution of the superspace torsions and curvatures to second order in α. The knowledge of these expressions (though (4.43) being very complicated) may be relevant in order to check consistency with higher dimensional results, such as the onshell solution of Bianchi identities or the identification of auxiliary fields and constraints such as (A.26).
Discussion, conclusions and future perspectives
In this paper, we have shown that, in order to supersymmetrize R 4 on shell, one must introduce an infinite number of terms. We derived this result in four dimensions, but it is valid in higher dimensions. Any dimensional reduction of an equivalent higherdimensional result must agree with it. Its infinite number of terms shows that the complete supersymmetric R 4 theory is nonlocal.
By being able to get a complete solution for R (4.31), we see that we can put our theory only partially off-shell (by eliminating the auxiliary fields M, N and leaving A m ) with just a finite number of terms.
The result we obtained is not unexpected: since the late 80s, during the supersymmetrization of the Lorentz Chern-Simons term, people obtained nonlinear differential equations for auxiliary fields [9, 11, 12] . The same was valid for the four-dimensional case [17] .
In [12] , auxiliary fields Y mnpq and S mnp were introduced while solving the Bianchi identities. These fields had to be expanded to an infinite series in a perturbative parameter c 2 (defined below). What is remarkable is that a complete, all order solution to Y mnpq exists (but depending on S mnp ). It is then possible to eliminate Y mnpq , leaving only S mnp . This situation is similar to the one we saw in this paper: the auxiliary fields Y mnpq and S mnp are analogous to our R and A m , respectively.
There is, anyway, an important difference between working in ten or eleven dimensions and the four dimensional case we considered in this paper. In ten dimensional type I supergravity in superspace [32] , one must introduce a 2-form B M N , with field strength H M N P , in order to accomodate the x-space 2-form B mn . The field strength H satisfies the Bianchi identity dH = 0 (in differential form notation) which, together with the torsion Bianchi identities, form a set of coupled equations to be solved simultaneously. If we consider type I supergravity coupled to super Yang-Mills [33] , we have an additional one-form A M with field strength F M N and Bianchi identity dF = 0, but we must modify the H Bianchi identity by dH = trF 2 , because of the corresponding redefinition of the x-space field strength [34] . In eleven-dimensional supergravity there is a similar situation [35] : one needs to introduce a superspace 3-form X M N P in order to accomodate the x-space 3-form X mnp , but its field strength Y M N P Q satisfies the Bianchi identity dY = 0. In all these cases, even if we had an eventual off-shell formalism, we would still have a system of coupled nonlinear superspace Bianchi identities which would have to be solved by an iterative procedure. 5 In four dimensional supergravity, because of its smaller field content, we only need to consider the torsion Bianchi identities. As it is well known, there is a complete off-shell solution to them. The non-linearities may only show up when we go on-shell, as we did with a higher-derivative action. This was the reason for the need of an infinite number of terms in a completely supersymmetric action. From the results of this paper, it should be very clear that the necessity for an infinite number of terms in the corresponding problem in ten or eleven dimensions comes also from the fact that we are supersymmetrizing a higher-derivative theory, and not only because of coupled nonlinear Bianchi identities.
Knowing this, there are two alternatives to proceed supersymmetrizing R 4 actions. One is to work order by order in some perturbative parameter, changing the supersymmetry transformations in x-space. This is what has been done in [14] in ten dimensions and in [15] in eleven. The second alternative is to introduce auxiliary fields. They are easier to identify while solving the Bianchi identities in superspace, where one can relax the torsion constraints. This procedure has been followed by [16, 36, 37] .
From the results we got in this paper, we can compare our solution to the superspace Bianchi identities with higher dimensional ones, after eliminating auxiliary fields in these solutions. A comparison of the solutions before and after the elimination of the auxiliary fields could clarify their role and possible identification.
We can also expand the action (3.3) in components and eliminate the auxiliary fields M, N, getting a partially off-shell supersymmetric x-space R 4 action, which should be easier to compare with the R 4 superinvariants constructed in higher dimensions. This work is in progress [27] . µ, ν, . . . and the superindices are Λ, Π, . . . We do not use curved spinor indices in xspace.
We raise and lower two-component spinor indices with the tensors ε AB = ε AB = −εȦḂ = −εȦḂ, ε 12 = 1 (A.1)
The contractions of spinor indices always follow the north-west rule (the same is valid for superindices in general). We then define
The decomposition of a tensor with two spinor indices on its symmetric (underlined) and antisymmetric (trace) parts is always (for dotted/undotted, upper/lower indices) given by
Dotted and undotted spinor indices are related through complex conjugation (that's what a bar means):
For fermionic derivatives, the rules are
We define (as proposed in [25] -notice that our conventions differ from this book) σ are the three Pauli matrices. We write (in superspace, at least) all the vector indices contracted like this. Because of the Lorentz invariance of σ m AȦ , we can use in our superspace calculations with these "contracted vector indices" the normal rules for the spinor indices.
A.2 Superspace conventions
The superspace Lorentz covariant derivative is given by The solutions to the Bianchi identities [20] are, in our conventions, for the torsions: 
The superfields G AȦ and W ABC have the following complex conjugation properties: The following relations between R, G AȦ and W ABC are a consequence of the Bianchi identities:
From (A.26) and its complex conjugate and the solution of the Bianchi identities, we may also derive the following useful relation between superfields: 
B Exact computations for the simplification of G AȦ
Here we present the exact expansion of all the terms of (4.32).
